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Abstract 
Dartnell, P.R., On the homology of groups of jets, Journal of Pure and Applied Algebra 92 (1994) 
109-121. 
Let k, n be positive integers. Denote by J:(n) the Lie group of k-jets at 0 of orientation preserving 
local diffeomorphisms of Iw” fixing the origin, with multiplication induced by composition of 
functions. It is a well-known fact that the singular homology of J: (n) is isomorphic to the singular 
homology of GL+(n), the group of n x n matrices with real entries and positive determinant. In this 
paper we show that the corresponding result is true for the group homology of J:(n) and GL+ (n) as 
abstract (discrete) groups. In addition, we show that the continuous (and smooth) cohomology 
groups of Jc (n) and GL+ (n) are also isomorphic as are the Lie algebra cohomology groups of their 
Lie algebras. 
1. Introduction 
Let k, II be positive integers. We say that two C” maps from an open set U E R” to 
R” have the same k-jet at x E U if their derivatives of orders less than or equal to k at 
the point x coincide. This defines an equivalence relation between smooth maps 
defined on open sets of R” containing x, and the equivalence class of a map f is called 
the k-jet off at x. Let .Jk+ (n) denote the Lie group of k-jets at the origin of orientation 
preserving local diffeomorphisms of R” fixing 0 [14]. Consider the mapping 
p: Jk+(n) + GL+(n) which assigns to every k-jet in J,?(n) its linear term in the 
Lie group GL+ (n) of orientation preserving automorphisms of R”. It is easy to see 
that J:(n) and GL+(n) are homotopy equivalent as topological spaces (in fact, 
they possess the same maximal compact subgroup SO(n)), and the map p is 
a homotopy equivalence. Therefore p induces an isomorphism p* : H~top~*(Jkt (n)) 
+H(top)* (GL+(n)) between the singular homology groups of these spaces. We show in 
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this paper that the same is true for other notions of homology and cohomology 
associated to Lie groups. 
Given an abstract (discrete) group G we will denote by H,(G) the group homology 
of G with trivial integer coefficients. If G is a Lie group, H,(G) will denote the group 
homology of G viewed as an abstract (discrete) group. The main result in this paper is 
the following: 
Theorem 1.1. The group epimorpkism p : J:(n) -+ GL+(n) induces an isomorpkism 
,o,:H,(&+(n)) 2 H,(GL+(n)) 
in group homology with trivial Z-coeficients, for all k, n 2 1. 
In the case n = 1, this theorem is expected to help in the computation of an El 
spectral sequence defined in [lo] converging to the singular homology of the classify- 
ing space for analytic foliations of codimension one. A particular case of this theorem, 
the case of the second homology groups of jets with n = 1, can be found in [4]. (We 
have recently received a preprint [S], in which Dwyer, Jekel and Suciu have given 
another proof for this theorem.) We also note that a situation similar to the case k = 2 
is discussed in [ 131. 
Theorem 1.1 is a particular case of the more general Theorem 2.1 which we will 
state in next section and prove in Section 3. 
In addition to Theorem 1.1, we show also that p induces an isomorphism between 
the Lie algebra cohomology groups of the Lie algebras of J:(n) and GL+(n) (see 
Theorem 2.4). Finally, we show that the map induced by p in continuous cohomology 
is also an isomorphism (see Theorem 2.5). 
2. Definitions and statements of the results 
Let n 2 1. Let [F be a field of characteristic 0 and denote by IF [X1, . . . , X,]” the set 
of polynomials in n indeterminates with coefficients in [F”. Partial derivatives can be 
defined for polynomials in iF”, and the usual rules of differential calculus hold for them 
[3, Section 3.11. 
Definition. Let k 2 1. We say that two polynomials in iFIXl, . . . , X,]” have the same 
k-jet at OE [F” if their coefficients of monomials of degree less than or equal to 
k coincide. This defines an equivalence relation in [F [X, , . . . , X,]” and we call the 
equivalence class of f(X) E iF [X, , . , X,]” the k-jet of f(X) at the origin and denote 
it by 
Cf(X)lk =.7(X) =“f 
On the homology of groups of jets 111 
Equivalently, f(X) and g(X) have the same k-jet at the origin if the evaluation at 
0 E IF” of their derivatives up to and including order k coincide. (Here we use the 
convention that the derivative of order 0 is the polynomial itself.) 
Let JJu, iF) denote the set of k-jets at 0 of polynomials with no constant coefficient 
and having an invertible matrix of first-order partial derivatives at 0. Then Jk(a, iF) is 
a group with multiplication induced by composition of polynomials. For k 2 1, denote 
by 
Pkl:Jrc(% ~)-,J&% F) 
the group epimorphism defined by pkl([f(X)lk) = [f(X)],. When 1 = 1, the group 
J,(n, 5) is simply GL(n, [F), the group of invertible n x n matrices with entries in [F, and 
we denote Pkl simply by p : Jk(n, ff ) + GL(n, IF). 
Given a subgroup G E GL(n, [F), we define Jf(n, [F) by Jf(n, lF) = p-‘(G) and use 
the same notation for the restrictions of Pkl and p to Jc(n, E): 
pkf : Jkc(n? F, -, J?h ff ), p:Jc(n, E) + G. 
We can now state Theorem 2.1. 
Theorem 2.1. Let n, k > 1 be integers. Zf G c GL(n, [F) contains a scalar matrix AI, 
with A E Q s IF, 1111 # 1, then the group epimorphism p induces an isomorphism 
H*(JkC(n, E))- ‘* H,(G) 
” 
on group homology with trivial integer coeficients. 
The proof of Theorem 2.1 will be given in Section 3. We are indebted to William 
Dwyer for finding and correcting an error in the proof given in an earlier version of 
this paper. 
Observation. A simple example shows that p.+ is not an isomorphism for arbitrary choices 
of the subgroup G. Namely, H1(Jyl(n, [F)) z [F” $0 ? H,({l}), since for any field 
[F of characteristic 0, Jy)(n, [F) z (P”, +), some m > 0. (See the proof of Theorem 2.1.) 
Given a smooth local diffeomorphisms of R” fixing 0, its k-jet at the origin is the 
same as that of its Taylor’s polynomial of degree k. From this we see that the group 
J:(n) defined in the Introduction coincides with JF(n, [F), where G = GL+(n) and 
IF = R. It is clear that GL+(n) satisfies the hypothesis of Theorem 2.1, and thus 
Theorem 1.1 is a corollary of Theorem 2.1. When n = 1, Theorem 1.1 provides us with 
a complete description of the group homology of J:(l): 
Corollary 2.2. For all k 2 1 and p 2 0 
H,(Jl(l)) r n;rw, 
the p-th exterior power of the reals regarded as a module over the integers. 0 
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This corollary follows directly from Theorem 1.1, the fact that GL+(l) E (R, +), 
and Proposition 3.3 stated in Section 3. Notice that, for p 2 1, we have 
H,(J: (1)) E A: R, an infinite-dimensional rational vector space. 
Using Corollary 2.2 we can compute the group cohomology of J: (1) considered as 
an abstract (discrete) group: 
Corollary 2.3. For any k 2 1, the group cohomology of J: (1) with trivial Z-coeficients 
is given by 
1 
z ifp = 0, 
H”(J;(l)) = 0 ifp = 1, 
nRa fP22, 
OL 
where the product above is a direct product of 2’0 copies of the additive group of the 
reals. 
Proof. The case p = 0 is obvious. For p 2 1, it follows from Corollary 2.2 and the 
Universal Coefficient Theorem that we have a short exact sequence 
0 -+ Ext(A;-’ R, Z) + HP( J: (1)) -+ Hom,(A~ R, Z) + 0. 
Since AGlR is a Q-vector space, it is divisible, and therefore Homz(AP, R, Z) = 0. 
Hence, for p 2 1, HP(J:(l)) r Ext(Ag-iR, Z). If p = 1, Ag-‘R = Z, a projective Z- 
module, thus Ext (A$ 1 R, Z) = 0, and therefore H 1 (J: (1)) = 0. If p 2 2, 
where {vl}lsy is any basis of R as a Q-vector space, indexed by a well ordered set 58 of 
power 2’O. Therefore [7, Lemma 4.1 (i)] 
Ext(A;-’ R, Z) r n Ext(Qvl, A . . . A vlp_,, Z) 
IlC~~.<f,-1 
r n Ext(Q, Z), 
l,<...<l,_, 
and Corollary 2.3 follows from the fact that Ext(Q, Z) z R [7, p. 1091. 0 
The Lie algebra of the finite-dimensional Lie group J: (n) is the set Sk(n) of k-jets of 
smooth maps from a neighborhood of 0 E IR” to R” fixing the origin, with the Lie 
product of 7 and g E zk(n) given by the k-jet at the origin of x ++f ‘(x)g(x) - g’(x)f(x) 
[14]. Here f’(x) is the Jacobian matrix of S at x and the products are matrix 
multiplication by a column vector on the right. Denote by gI(n) the Lie algebra of the 
Lie group GL+ (n), that is, the Lie algebra of n x n matrices with entries in R. It is easily 
seen that the map induced by p at the Lie algebra level is 
On the homology of groups of jets 113 
where p([f&) =f’(O). With essentially the same argument as the one in [6, Theorem 
2.2.7’ (i)] we will show in Section 4 that p also induces an isomorphism at the Lie 
algebra cohomology level: 
Theorem 2.4. The map p* :H&,(gI(n)) + Hti,(Jk(n)) induced by p on Lie algebra 
cohomology with trivial R coefJicients is an isomorphism. 
In addition, using the Van Est Theorem and Theorem 2.4, we show in Section 4 that 
p also induces an isomorphism at the continuous cohomology level. 
Theorem 2.5. The map p* : H&,(GL+(n)) -+ H,*,,(J: (n)) induced by p on continuous 
cohomology with trivial 178 coefSlcients is an isomorphism. 
3. The proof of Theorem 2.1 
Whenever there is no danger of confusion, we will use the simplified notation 
Jk = Jf(n, F) in this section. 
Consider the following short exact sequence of groups: 
l+N,-J$+G+l, (3.1) 
where Nk = Nk(n, F) (independent of G) is the kernel of p, that is the group of all k-jets 
at the origin of polynomials with zero constant coefficient and the identity as degree 
one homogeneous component. This short exact sequence splits, with splitting given by 
s: G -+ Jk, where s([f(X)ll) = [f(X)lk, for f(X) any polynomial of degree 1 with 
derivative in G. Given h E G we can consider the automorphism cp( h) of Jk given by 
conjugation by s(h). That is to say q(h)(g) = s(h)gs(h)- ‘. Since Nk is a normal 
subgroup of Jk, the restriction of q(h) to Nk is an automorphism of N, which we will 
denote with the symbol q(h) too. We will also denote by cp( h) the inner automorphism 
of G given by conjugation by h. These three automorphisms fit together to give an 
automorphism of the short exact sequence (3.1), that is, a commutative diagram 
1-N,-Jk-G--31 
I 
cp(h) 1 q(h) 1 &I) (3.2) 
l-Nk-Jk-G-1 
By means of the three maps defined above, h induces automorphisms of the 
homology of the three groups (group homology with trivial Z coefficients): 
H,(N,), H,(J,), H,(G). Since the actions q(h) on Jk and G are just conjugations by 
elements of the respective groups, the induced maps q(h), on homology are both the 
identity automorphism [ll, Proposition IV.5.61. In addition, since h induces the 
automorphism (3.2) of the short exact sequence (3.1), it will define an automorphism of 
114 
the Lyndon-Hochschild-Serre 
this sequence: 
e(h): qJ,q + q.4. 
For Y = 2, this is a map 
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spectral sequence in group homology [7, p. 3041 for 
cj(h):E;,, = H,(G; f&W,)) + H,(G; R&N,)), 
where the G-module structure of HQ(N,J is given by qD*(-). 
We now choose h E G to be the element AI of the center of G, with 2 E Q z lF, 1 A 1 # 1, 
which exists by hypothesis. To simplify the notation, we will denote by qn all the 
automorphisms defined by this choice of h whenever there is no risk of confusion. 
Lemma 3.1. Given q 2 1, H,(N,) admits a Q-vector space structure compatible with its 
Z-module structure. The eigenvalues of the linear map cpn : HQ(NL) -+ Hq(NL) are nega- 
tive powers lEi of A, and, if v is the generalized eigenspace corresponding to the 
eigenvalue AEi, then H,(N,) is the direct sum of Q-vector spaces: 
H,(N,) = @ vi 
Proof. We will prove this lemma by induction on k 2 1. 
The case k = 1 is trivial since N1 is the kernel of the projection of J1 onto itself and 
therefore it is 0. Let us assume now that Lemma 3.1 holds for k - 1 2 1. 
Consider the short exact sequence of groups 
The group K, is the kernel of P~,~_ 1, and it is easy to see that it is isomorphic to the 
additive group of homogeneous polynomials of total degree k in IF [X,, . . . , X,]“. 
This isomorphism assigns to every homogeneous polynomial f(X) of degree k, the 
k-jet of the polynomial X +f(X). Here, as in the rest of the paper, X stands for the 
identity polynomial (XI, . . . , X,) E [F [XI, . . . , X,]“. Therefore Kk is Abelian, inde- 
pendent of what G E GL(n, iF) is, and is isomorphic to ([F”, +), where m = n - (n+f-l). 
A routine calculus computation [3, Lemma 3.41 gives us the following: 
Lemma 3.2. Let f(X) and g(X) be polynomials representing elements of Jkml and 
Kk respectively, and let f_‘(X) be any polynomial representing the inverse in Jk of the 
jet off(X). Then 
aXi,. . . aXi, 
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Remark. Since Kk is Abelian, a standard argument shows that the elements of 
Jk_ 1 act on K, via conjugation in Jk by their preimages under pk,k_ r. Lemma 3.2 tells 
us that this action of the elements of Jk _ 1 on Kk is through their I-jet. As we see, the 
action factors through the group G. 
The mapping pk. k - I hr : Nk + N,_ i is onto and its kernel is the same as the kernel 
Of pk,k_ 1 : Jk + Jk _ 1. Thus, we have the short CXaCt sequence 
O+Kk+Nk+Nk-l + 1. (3.3) 
The Lyndon-Hochschild-Serre spectral sequence for this short exact sequence will be 
the tool that will allow us to make the inductive step. We remind the reader that the 
EZ term of this sequence is of the form Ez,, = H, N ( k_ 1 ; HJK,)), and the sequence 
converges to Hp+&Nk). The action of Nk_ 1 on H,(Kk) is induced by_the action of 
Nk_ 1 on Kk through (3.3). But clearly, this action on Kk of an element f~ Nk_ 1 is the 
same as the action of f”considered as an element of Jk_ 1. Since the l-jet of all 7’~ N, _ 1 
is the l-jet of the identity, Lemma 3.2 tells us that the action of Nk _ 1 on Kk is trivial. 
The triviality of this action is the key point of this proof, because it gives the above E2 
term the particularly simple form 
Ef,, = H,(NI,-1) @ H&k). 
In all the rest of the proof of this lemma, we will consider only the case p + q 2 1, 
since the result we have to prove is about the homology groups of order greater than 
or equal to 1. 
To study H,(K,) we will need the following result. 
Proposition 3.3. For any Q-vector space V there is an isomorphism 
&:H,(V) 2 /l;V, 
where V is regarded as an additive group, H,(V) is the group homology of V with trivial 
Z coeficients, and A$ V is the p-th exterior power of V as a Z-module, for p 2 0. 
Furthermore, if T: V + V is multiplication by a scalar ALE 6.3, then the induced map 
T, : H,( V) + HP(V) is multiplication by the scalar pp E Q. 0 
The proof of this proposition in the particular case V = R, the real numbers, can be 
found in [13]. That proof works without change in the more general case of any 
Q-vector space V, so it will not be repeated here. 
By inductive hypothesis, Hp(Nk_ 1) is a Q-vector space if p 2 1 (and it is obviously 
Z if p = 0). Moreover, since K, = [F” for some positive integer m, by Proposition 3.3 
we have H,(K,) g /lsFrn. Thus, H,(K,) is Z for q = 0 and a Q-vector space for q 2 1. 
Therefore, since p + q 2 1, Ef,, has the structure of a Q-vector space (compatible with 
its Z-module structure). It follows then that all d2 differentials between E2 terms with 
p + q r 1 are also Q-linear and therefore we get recursively that all EL,*, 2 I r I co, 
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become Q-vector spaces. Thus the limit term H,+&AJk), viewed as an extension of the 
groups E ;,4,, p’ + q’ = p + q, also gets the structure of a Q-vector space. 
For the generalized eigenspace decomposition, notice that qn acts on K, s F”’ by 
multiplication by the scalar R lek To see this, it is enough to apply Lemma 3.2 with . 
f(X) = AX and g(X) = X + j(X), i(X) a homogeneous polynomial of degree k. 
Therefore, by Proposition 3.3, qn acts on H,(K,) E A&Fm by multiplication by the 
scalar (A’ -k)q = 2” -k)q. 
The action of iI on Ez,, is of the form 
@A = c~a@q~:E f,, = H,(Nk-l) @ ff,(Kk) + H,(Nk- I) @ ffq(Kk). 
By the inductive hypothesis, 
where K G HP( Nk_ 1) is the generalized eigenspace for qn with eigenvalue l”i and 
Ei a negative integer. Let c = K @ n&F”’ c Ez,,. Given u @ WE c, it is a routine 
computation to show that since v is a generalized eigenvector of cpl with eigenvalue ;l”i 
and w is an eigenvector of cpl with eigenvalue ,J (l -k)q then v 0 w is a generalized ,
eigenvector of en = cpi @ qn with eigenvalue A&*, where Ei = Ei + (1 - k)q is a negative 
integer. Therefore Ez,, = oi Vi, with c th e generalized eigenspace of @A with eigen- 
value pi. Since +A is a map of spectral sequences, $n commutes with all the differen- 
tials dz,q. Therefore Ez,q, the homology of Ei,q, has a generalized eigenspace de- 
composition with the same (or fewer) eigenvalues. Continuing by induction, we get 
a similar generalized eigenspace decomposition for the terms Ezq of this spectral 
sequence, and since H,(N,) is an extension of the vector spaces Epql,qf, p’ + q’ = q, it is 
an exercise in linear algebra to check that the homology group H,(N,) has the 
required generalized eigenspace decomposition. Lemma 3.1 is thus proved. 0 
We will use Lemma 3.1 to compute the E2 term of the Lyndon-Hochschild-Serre 
spectral sequence for the short exact sequence (3.1). Recall that this E 2 term is given by 
Ef,, = H,(G; H,(N,)), for p, q 2 0. A chain complex to compute H,(G; Hq(Nk)) is 
given by the Bar Construction, 
c, = 0 Z(g,, . . . > Sp) @zH,(Nd 
(gl....vgp)EGP 1 
with the differential d: C,,-+ C,-r given by 
p-1 
+ c (-l)‘kl,. . . ,Si-l,Si+lSi,Si+2,... T sp) 0 u 
i=l 
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We will consider now the case q 2 1. Notice that, since H4(Nk) is a rational vector 
space, C, becomes a Q-vector space with scalar multiplication given by 
Q,, . . . 9 gp)Oa=(g1,..., gP) 0 CIV. Hence, its homology Ei,, is also a rational 
vector space. Given h E G, q(h) induces a mapping 
V(h), : c,-t c, 
defined by cp(b((g~, . . . , sp) 0 4 = (cp(Wg,, . . . , cp(Q,) 0 d&v. The following 
lemma implies that the induced map @j(h) is the identity on the homology 
-% = H* (C, d). 
Lemma 3.4. The map ?fh : C, + C,, 1 given by 
Yh((gl) . . . 2 sp) 0 4 
= j$o (-l)‘(gl>. . >gj>h, cP(h)gj+l,. . . y q(h)gp)@u 
defines a chain homotopy equivalence between q(h), and the identity. 
Proof. Define,foreveryp,ai:C,~C,-,and~Lj:Cp~Cp+l,i,j=O...p,by 
(g2,. . . 3 sp) 0 cpkh)*v 
if i = 0, 
($313. . ai((sl, 9 Si-13 Si+lSi, gi+2,. . . 9 Sp) 0 0 . . . 2 sp) 0 4 = 
ifllilp-1, 
(gl,.‘~,gp-l)o~ 
if i = p, 
Pj((gl9 . . .,gp)OV)=(gl,...,gj,h,cp(h)gj+l,...,cp(h)gp)Ov. 
It is a tedious but routine task to check that the following identities hold: 
pjjai = 
i 
ai+l~j if05 j<ilp, 
aiPj+ 1 ifOIiIj<p-1, 
dipi- = aipi if 1 I i I p, 
a0k = cp(h),> aP+ 1 ,up = identity. 
In view that l]h = Es= ,,( - l)jpj and since the differential on the complex C, is given by 
d = ~~=~( - l)iai, the above identities imply that dqh + qhd = rp(h)#-identity. This 
proves Lemma 3.4. 0 
When h is the scalar matrix U~Center(G), the mapping cpi = cp(h)# is given by 
cpA(k71,. . .,gp)Ou)=(g1,..., gP) 0 pnv. From this and from Lemma 3.1 (the gen- 
eralized eigenspace decomposition of HJN,)), we can conclude that 
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where, with the notation of the statement of Lemma 3.1, 
_,~,EcpQ(b ~.,gp)OQVi 
1. IP 
is the generalized eigenspace of cpa with eigenvalue AEi. This decomposition induces 
then a similar one on Ei,4, the homology groups of (C,, d), 
Ef,, = @ vi, 
where pi is the generalized eigenspace of cpA with eigenvalue A”{. 
Consider UE R. From the previous discussion, (cpl - AEil)mu = 0, where si < 0 and 
m is some positive integer. On the other hand, ‘pl = @(AI) acts trivially on the whole 
Ei,4. Therefore, (1 - AEi)m~ = 0, which implies that v = 0. Hence, 6 vanishes for all i, 
and so does Ei,4. 
Thus, we have proved that 
E;,, = 
i 
’ 
ifq2 1, 
H,(G) if 4 = 0. 
Since this Lyndon-Hochschild-Serre spectral sequence converges to H, (Jk), 
HP( Jk) E E$, g E& = H,(G), 
and by general properties of the edge mappings of the Lyndon-Hochschild-Serre 
spectral sequence the composed isomorphism H,(J,) -+ H,(G) is induced by 
p : Jk + G. Theorem 2.1 is therefore proved. 0 
4. The proofs of Theorem 2.4 and Theorem 2.5 
The proof of Theorem 2.4 
We will prove this theorem by looking at the Hochschild-Serre spectral sequence 
for the pair of Lie algebras (J&r), gl(n)) [S], where the inclusion J : gl(n) + Sk(n) is the 
map assigning to every matrix in gl(n) the k-jet of the linear map which it represents. 
This argument is essentially the same as the one given in [6, Theorem 2.2.7’(i)] for the 
case of the infinite-dimensional Lie algebra of formal vector fields at the origin. 
The following lemma follows from the results in [14, Section 21. 
Lemma 4.1. The Lie subalgebra gI(n) is reductive in 3k(n). 0 
Since gI(n) is reductive in Sk(n) we have the following E2 spectral sequence [S]: 
E “,‘” = H:ii(3J(n)2 gI(n)) 0 H&,(gl(n)) * HC%(n)). 
Lemma 4.2. For all p 2 1, we have HL,,(J&), gl(n)) = 0. 
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Proof. Recall that the group of p-cochains giving rise to the relative Lie algebra 
cohomology is 
where gl(n) as a superscript denotes the set of gl(n)-invariants. We decompose now 
Sk(n) as a direct sum of gI(n)-modules as follows: Jk(n) = @F= 1 Mj, where Mj is the 
vector space of k-jets of homogeneous polynomials of degree j, with a gI(n)-action 
induced by the restriction to gI(n) of the adjoint representation of 3k(n). Also, M1 is 
isomorphic to gl(n) itself, with its adjoint representation [14]. Using these facts, 
a straightforward computation gives 
Another routine computation [3, p. 221 shows that if Z~gl(n) is the identity matrix 
andxE05=*nPj(MS),thenZ.x=px,withP=p,+2p3+...+(k-l)p,2p2 1. 
Therefore, the only gI(n) invariant vector is 0 and that proves the lemma. 0 
This last lemma shows that the Hochschild-Serre spectral sequence collapses at the 
E, term and 
It follows from general properties of the edge mappings of the Hochschild-Serre 
spectral sequence that the composed isomorphism Hli,(3 Jn)) g HEi,(gI(n)) is in- 
duced by the inclusion j : gl(n)--tJJn). S’ mce p* is a right inverse for j* and j* is an 
isomorphism, we conclude that p* is also an isomorphism. Thus Theorem 2.4 is 
proved. 0 
The proof of Theorem 2.5 
Since the continuous cohomology coincides with the smooth cohomology 
for finite-dimensional Lie groups [l, p. 2761, it suffices to prove that 
p* : H,*,(GL+(n)) + H,*,(J: (n)), the map induced by p on smooth cohomology, is an 
isomorphism. Let so(n) be the Lie algebra of the maximal compact subgroup SO(n) of 
J:(n) and GL+ (n). We have then the commutative diagram 
H,*,(GL+ (n)) ‘* -H&J&+(n)) 
” 
I I 
” 
Htk(Sl(n), ~44G--W&e(JtWl @4), 
where the vertical arrows are the Van Est isomorphisms for the groups GL+(n) and 
J: (n) respectively [l, pp. 279-2801, and we are using Lie algebra cohomology relative 
to the Lie subalgebra so(n) since the maximal compact subgroup SO(n) is connected. 
The following lemma completes the proof of Theorem 2.5: 
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Lemma 4.3. The map p from the pair (&(n), so(n)) onto the pair (gI(n), so(n)) induces 
an isomorphism on relative Lie algebra cohomology 
Htie(Cll(n), so(n)) z H2ie(Jk(n)9 so(n)). 
Proof. It is well known that the Lie algebra so(n) is semi-simple (it is the Lie algebra of 
the compact Lie group SO(n) with finite center, and therefore its Killing form is 
negative definite [2, Proposition 5.131). Hence, from Weil’s Theorem [9, 6.31, so(n) is 
reductive in any finite-dimensional Lie algebra containing it as a Lie subalgebra, in 
particular in gl(n) and Sk(n). Therefore the Hochschild-Serre spectral sequences for 
the pairs (gI(n), so(n)) and (3k(n), so(n)) are respectively 
Ed” = H:ii(gl(‘)) ‘o(n)) 0 H4,i,(BO(n)) j HP,~‘(gl(n)), 
E:‘q = H[i,(Jk(n)? eo(n)) 0 HEi,(eo(n)) *HP,i+,q(Jk(n)). 
As p is a map of pairs of Lie algebras, it induces a map of spectral sequences E + l?. 
From Theorem 2.4 the induced map gives an isomorphism between the limit terms: 
Gz4(gl(n)) ; Gz4(J,(n)). (4.1) _ 
Since 
HP,i+,‘(gl(n)) r @ E$Sq’, HP,,+,q(J,(n)) z @ E$*q’, 
p’iq?=p+q p,+q,=p+q 
and p* in (4.1) is induced by all the P~‘~~‘: EzSq’ + Epd,q’, then it is also true that each 
p*:E -P 4 24-E; 
is an isomorphism. Since we also have the isomorphisms 
E;‘q z H;ie(40(n)) p*=iden”ty - H4,&o(n)) r Ei.4, 
the hypothesis of the Zeeman’s Comparison Theorem [12, Theorem 3.71 are satisfied. 
(Note that since we are working with real vector spaces, all the Tor terms in the 
theorem are 0.) Hence we see that p induces an isomorphism between Et” and 
ET0 for all p 2 0. That is 
P* :HP,i,(gl(n)Y eo(n)) --$ HLi,(3k(n)> 5o(n)) 
is an isomorphism for all p 2 0. The lemma and Theorem 2.5 are now proved. 0 
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